Spatiotemporal Characterization of Nonlinear Interactions between
  Selectively Excited Radially Symmetric Modes of a Few-Mode Fiber by Dacha, Sai Kanth & Murphy, Thomas E.
(2+1)D Spatiotemporal Characterization of
Nonlinear Interactions between Selectively
Excited Radially-Symmetric Modes of a
Step-Index Few-Mode Fiber
SAI KANTH DACHA1,2,* , THOMAS E. MURPHY1,3
1Institute for Research in Electronics and Applied Physics (IREAP), University of Maryland, College Park,
MD 20740, USA
2Department of Physics, University of Maryland, College Park, MD 20740, USA
3Department of Electrical and Computer Engineering, University of Maryland, College Park, MD 20740,
USA
*sdacha@umd.edu
Abstract: Kerr and Raman nonlinearities in multimode fibers with hundreds of spatial modes
have been recently shown to give rise to rich phenomena such as supercontinuum generation
and spatial beam cleanup. The fundamental nonlinear interaction(s) between the individual
modes, however, remain(s) relatively understudied. Further, traditional measurement techniques
involving CCD/CMOS cameras and optical spectrum analyzers average over many pulse durations,
and many interesting dynamics that occur within one pulse duration are missed. In this paper, we
report our recent work wherein we selectively excite two spatial modes by patterning the fiber
input end-face, and we measure the effect of nonlinearity at the output by employing a novel
spatially-resolved time-domain measurement technique. We are then able to demonstrate how
the output instantaneous intensity profile evolves as the pulse rises and falls, thereby bringing out
the spatiotemporal nature of multimode nonlinearity.
1. Introduction
In late 1970, a "low-attenuation" single-mode fiber was demonstrated for the first time; it had a
loss of 20 dB/km at 633 nm (He-Ne line). Half a century later, we live in a generation defined
by instant access to information. This so-called Information Age is made possible in part by
ultra-low loss (< 0.5 dB/km) single mode optical fibers that connect towns, cities, countries and
continents across the globe. The rapid growth in demand for long-haul fiber-optic communication
systems since the 1970s drove an active interest in understanding nonlinear optics in single-mode
fibers (SMFs), as nonlinear impairments must be mitigated in order to successfully transmit
information over long lengths of fiber. The story is a little different, however, for multimode fibers.
Despite being developed before the SMF, and despite the relative ease in manufacturing them,
multimode fibers have largely remained under the radar, owing largely to significant intermodal
dispersion leading to pulse broadening.
The present-day fiber optic communication systems are fast approaching the Shannon capacity
limit for single-mode fibers in the face of ever-increasing capacity demands. Space-division
multiplexing (SDM) is the need of the hour [1]. Implementing an SDM system in a few-mode fiber
(FMF) or a multimode fiber (MMF) requires a good understanding of the nonlinear impairment
over long lengths of fiber, and this has been one of the driving forces for the up and coming
research area that multimode fiber nonlinear optics is. Further, the availability of high-power
transform-limited pulsed lasers has made it possible to probe the nonlinear domain of operation
in FMFs and MMFs like never before, by making it possible to achieve high nonlinear phase
shifts without the need for long lengths of fiber (which would inevitably be limited by intermodal
dispersion, especially for short pulses).
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Multimode nonlinear optics is inherently more complex than nonlinear optics in SMFs because
of the presence of not only intramodal but also intermodal effects. This makes a whole host
of nonlinear phenomena possible that cannot be observed in SMFs. Recent experiments have
demonstrated many interesting phenomena such as Kerr beam self-cleaning in graded-index
fibers [2] [3], the existence of multimode solitons [6], geometric parametric instability [4],
multi-octave spanning supercontinuum generation [7], spatiotemporal modulation instability [5],
and so on. These findings have pushed the interest in multimode nonlinear effects above and
beyond the needs for SDM.
While these "macroscopic" phenomena that are caused by complex interactions between 10s and
100s of modes have brought out the rich possibilties of multimode nonlinear effects, there is still
some work to be done in experimentally measuring, on the "microscopic" scale, the fundamental
nonlinear interactions (such as self-phase modulation (SPM), cross-phase modulation (XPM),
four-wave mixing (FWM), etc.) between individual modes. Further, traditional measurement
techniques involving the use of CCD/CMOS cameras and optical spectrum analyzers average over
the durations of many pulses. As a result, these techniques do not capture the true spatiotemporal
nature of nonlinear interactions between the spatial modes, and many interesting dynamics that
occur within one pulse duration are missed.
In this Article, we present our recent experimental work that is aimed at not only controlling
the number of modes taking part in the nonlinear interaction, but also at resolving the effects
at the output end in both space and time. Spatiotemporal measurements of multimode fiber
nonlinearity have been reported before. In [8], Krupa et al. report camera images, time-traces and
spectra of the output for the phenomenon of supercontinuum generation in graded-index (GRIN)
MMFs, although both the temporal as well as spectral measurements were spatially averaged
across the fiber core area. In [9], Krupa et al. show the spatiotemporal nature of Kerr beam
cleanup by measuring the time-traces of light at three different spatial locations on the output
end-face of a graded-index MMF. This was done by translating a photodiode with a small active
area that was placed in the path of the collimated output beam. In this Article, we report for the
first time (to the best of our knowledge), complete spatiotemporal measurements of nonlinear
interactions between the spatial modes of a step-index FMF. By scanning a near-field aperture
coupled to high-speed detection along a 20 µm × 20 µm grid and a step size of 400 nm, we are
able to reconstruct the full temporal evolution of the output intensity profile as the pulse rises
and falls. While achieving very high spatial as well as temporal resolution, our technique also
eliminates the need for any free-space optics at the output end-face of the FMF/MMF.
Specifically, we selectively excite two radially symmetric modes (LP01 and LP02) with compa-
rable amplitudes, and study the nonlinear effects caused by self-phase modulation (SPM) and
cross-phase modulation (XPM) between the two linearly polarized modes. We demonstrate
how the physics of such an interaction manifests in an effect that we are able to measure
experimentally, by resolving the output in space and time. We then argue that such an effect
would be rendered unobservable if one were to not resolve in both space as well as time. Fi-
nally, we discuss the potential utility of our method in various applications of fundamental interest.
2. Selective Mode Excitation
Under the weakly guiding approximation, the spatial modes in MMFs and FMFs can be de-
scribed by scalar linearly polarized (LP) modes. In the case of a step-index MMF/FMF, the
LP modes (within the core area of the fiber) are given by Bessel functions of the first kind:
ψ(r, φ) = A
Jl (U) Jl(Ura )
{
cos(lφ)
sin(lφ)
}
, where r and φ are the radial and azimuthal coordinates, A is the
normalization constant, l is the radial order of the mode, a is the radius of the MMF/FMF, and
U = a(k20n21 − β2)1/2 with k0, n1 and β denoting the wave number, core refractive index and the
modal propagation constant. Each mode is specified by two numbers: the radial order l and
azimuthal order m, and is denoted as LPlm.
When a laser beam is focused on the input end-face of the MMF/FMF, the efficiencies of
coupling to each of the LPlm mode can be evaluated by calculating the mode overlap integral
of the gaussian beam with each spatial mode. For the work that we report in this paper, we are
only interested in the radially-symmetric input excitations, and therefore we focus our attention
on the radially-symmetric LP0m modes alone. The fiber that we work with is a step-index FMF
with a core diameter 2a = 20µm and numerical aperture NA = 0.14. For such a fiber, at our
wavelength of interest λ0 = 1064nm, three radially symmetric modes exist: LP01, LP02 and LP03.
Fig. 1. Modal Coupling Efficiencies vs Input Gaussian Beam Radius
In Figure 1, we plot numerically calculated modal coupling efficiency (η) for these three modes
as a function of input beam spot size. Two key inferences that can be drawn from the plot are as
follows: i) It is only possible to excite the higher order LP0m modes for input beam spot sizes
that are difficult to achieve without significant spherical aberration (and are also beyond the
numerical aperture of the FMF), and ii) It is not possible to exclusively excite a combination of
two modes with roughly equal powers.
Most studies of nonlinear phenomena in MMFs and FMFs thus far have involved 10s if not
100s of spatial modes taking part in the interaction. One of the goals of our work has been to
isolate the nonlinear interaction between two spatial modes. In order to isolate the nonlinear
interaction between any two spatial modes, it is desirable to selectively excite those two modes
with comparable efficiencies, with very little power in the other spatial modes. Selective excitation
of modes has been typically achieved using spatial light modulators (SLMs) [10] [11]. However,
SLM based systems can be somewhat bulky, difficult to align, and have a finite laser power
damage threshold. Selective excitation of OAMmodes has also been achieved using fork gratings
on the fiber end-face [12]. We have employed an alternative technique that involves writing a
phase mask directly onto the input end-face of the FMF using Focused Ion Beam (FIB) milling.
An accelerated beam of Ga+ ions is focused onto the FMF input end-face to a spot size of about
90 nm. (The FMF end-face is first coated with a 20 nm layer of Au:Pd alloy in order to make the
sample conducting, in order to avoid charging effects during the milling process.) The focused
beam of ions is steered so as to mill away a disc pattern of radius rm and depth dm as shown in
Figure 2. The removal of SiO2 in the disc region creates a phase difference between the light
that passes through the disc and the light that doesn’t pass through it, thereby creating a phase
mask. Such a phase mask changes the overlap integrals of the input beam with each of the LP0m
modes. By controlling rm and dm, it becomes possible to engineer a phase mask that can excite a
desirable combination of the LP0m modes.
It must be noted that in [13], the author formulates a similar technique for selective excitation
of higher order modes in graded-index MMFs. However, as opposed to the thin-film deposition
technique discussed in [13], we have adopted an FIB milling technique.
Fig. 2. Graphic Depicting FIB-Patterned Phase Mask on FMF Input End-face for
Selective Mode Excitation
Figure 3 shows the result of a numerical sweep over the parameter space of (dm, rm), for a
fixed input beam waist radius of 8.4 µm. The radius of the mask is swept from 0 to 10 µm (i.e.
radius of FMF core area), while the depth of mask is varied from 0 to 1 µm (i.e. roughly one
wavelength). The coupling efficiency of each LP0m mode at each coordinate on the parameter
grid is calculated and plotted as a color map. Regions of our interest on this color map include
those that have negligible power in one mode and comparable power in the other two. The chosen
operating point is marked by * (in green) in Figure 3, at which the LP03 color map shows very
low coupling efficiency, while LP01 and LP02 color maps show comparable efficiencies (notice
the similar colors at the * in the first two color maps). More concretely, the calculated modal
coupling efficiencies at * are η1 = 0.47, η2 = 0.31 and η3 = 0.0008 for LP01, LP02 and LP03
modes respectively. The final result of this FIB milling process is shown in the scanning electron
microscopy (SEM) image of the FMF input end-face shown in Figure 4, and this is the sample
that was used for the nonlinear measurements discussed in this Article.
Fig. 3. Numerical Calculation of Modal Coupling Efficiencies as a Function of Phase
Mask Radius (rm) and Depth (dm)
Fig. 4. Scanning Electron Microscopy (SEM) Image of FMF Input End-face After FIB
Milling Process: The darker disc at the center indicates the area where milling was
performed
3. Nonlinear Optics in FMFs: Theory and Modeling
In SMFs, propagation of a pulse through the fiber in both linear and nonlinear regimes is described
by using a nonlinear differential equation for the evolution of the pulse envelope, known as the
nonlinear Schrödinger equation (NLSE). InMMFs and FMFs, because of the existence of multiple
spatial modes, there exists not one equation but a system of coupled nonlinear partial differential
equations. The generalized multimode nonlinear Schrödinger equations (GMM-NLSE) were first
described in 2008 in [14]. Upon neglecting the Raman and shock terms and orders of dispersion
above 2, the GMM-NLSE can be written down as follows:
∂Ap(z, t)
∂z
= i(β(p)0 −β(0)0 )Ap−(β(p)1 −β(0)1 )
∂Ap
∂t
−i β
(p)
2
2
∂2Ap
∂t2
+i
n2ω0
c
Σl,m,nSKl,m,n,pAlAmA
∗
n (1)
where Ap(z, t) is the temporal pulse envelope corresponding to mode p, β(p)n is the nth term in
the Taylor expansion of the wavenumber for mode p, SK
l,m,n,p
is the mode overlap coefficient for
modes l,m, n and p as described in [14] and n2 is the nonlinear intensity-dependent refractive index.
As we will describe in the following section, the setup for our experiments consists of an FMF
(20µm core diameter; step-index) that is about 1.2 m long, and we work with laser pulses that are
720 ps wide. As a result, it becomes possible to neglect the chromatic dispersion and also the
differential group delay terms for ease of analysis. Further, when two LP0m modes are selectively
excited in a step-index FMF, because of the mismatch of propagation constants β(2)0 and β
(1)
0 , the
coherent terms in the right-hand-side of (1) average out to zero and lead to further simplification
of [15]. The simplified GMM-NLSE for two co-propagating LP0m modes in a step-index FMF
can therefore be written as:
∂A1(z, t)
∂z
= i
n2ω0
c
(SK1,1,1,1 |A1 |2 + 2SK1,1,2,2 |A2 |2)A1 (2)
and
∂A2(z, t)
∂z
= i(β(2)0 − β(1)0 )A2 + i
n2ω0
c
(SK2,2,2,2 |A2 |2 + 2SK2,2,1,1 |A1 |2)A2 (3)
Here, we have also assumed that the attenuation by scattering of light as it propagates
through the FMF is negligible. |A1 |2 and |A2 |2 therefore remain constant as a function of
z. One can see that equations (2) and (3) have as solutions, A1(z, t) = A1(0, t)eiΓ1(t) and
A2(z, t) = A2(0, t)ei(β
(2)
0 −β
(1)
0 )zeiΓ2(t) where Γ1(t) and Γ2(t) consist of the nonlinear terms in the
right-hand sides of equations (2) and (3).
What this means is that the two LP0m modes propagate through the fiber to acquire different
nonlinear chirps arising from the differences in SK
l,m,n,p
values and from the differences in initial
powers in the two modes (i.e. |A1(0, t)|2 and |A2(0, t)|2) determined by launch conditions. If one
were to measure the time-domain output at some location of the FMF output end-face where both
of the LP0m modes overlapped (say, on-axis), the output signal at that spatial location (x0,y0) can
be expressed as:
I(x0, y0, z = L, t) = |ψ1(x0, y0)A1(z = L, t) + ψ2(x0, y0)A2(z = L, t)|2 (4)
If we launched a gaussian pulse into two LP0m modes, equation (4) predicts that at some
location (x0,y0) on the FMF output end-face, we would observe the interference of two gaussian
pulses that have acquired different nonlinear chirps, i.e. a non-gaussian temporal pulse shape. In
fact, we have numerically simulated the coupled equations (1), without making any simplifying
assumptions, using the Split-Step Fourier Method (SSFM). Our numerical results also confirm
the prediction of equation (4).
The goal of our experiments has been to observe this effect, and in the next section, we discuss
the experimental setup that we have used in order to achieve that goal.
4. Experiment
The experimental setup consists of a YAG microchip laser (λ0 = 1064nm) that gives out 720 ps
pulses at a 1 kHz repetition rate. The laser pulses have an energy of about 135 µJ, although the
energy of the pulses going into the laser is controlled by a series combination of a half-wave
plate (HWP) followed by a polarizing beam splitter (PBS). Using a plano-convex lens of ap-
propriate focal length (f = 25.4 mm), the laser beam is focused down to a spot size of about
16 µm on the patterned input end-face of an FMF. The patterning has been done in order to
selectively excite the LP01 and LP02 modeswith comparable amplitudes, as described in Section 2.
The FMF is a step-index fiber that has a core diameter of 20 µm and a length of 1.2 m. At
the output end-face of the FMF, the setup consists of a near-field scanning optical microscope
(NSOM) tip that is brought in close proximity ( 1 µm) to the FMF end-face. The NSOM
tip tapers into a single-mode fiber segment that is connected to a high-speed detection setup
consisting of a 10 GHz photo-receiver and a high-speed real-time oscilloscope.
The NSOM tip has an aperture of 250± 50 nm, and is mounted on a piezo-controlled translation
stage that can be used to move the tip along the FMF output end-face. By using this setup, we
record the temporal output along a grid of spatial locations on the FMF output end-face at a
resolution of a few 100s of nm. Further, having recorded the output time-traces at each pixel on
the output spatial grid, we reconstruct a temporal evolution of the 2-D intensity profile exiting
the FMF end-face. In other words, we measure the output not just in time, but in space-time,
thereby capturing the spatiotemporal nature of intermodal nonlinear interactions.
Because this technique involves synchronous measurements of the time-domain waveform
at multiple pixels on the FMF output end-face, it is imperative that the laser produce stable,
repeatable pulses. As a result, prior to taking any measurements, a statistical analysis was
performed on the laser output power to ensure reasonable pulse-to-pulse repeatability. Further,
a clean trigger signal for the oscilloscope is key to be able to make repeatable and reliable
measurements. Such a trigger signal is extracted from the laser beam by steering a 1% reflection
of the beam onto a high-speed PIN photodiode.
Fig. 5. Experimental Schematic for Performing Spatiotemporal Measurements of
Nonlinear Interactions between Selectivel-excited SpatialModes of a FMF.A) Schematic
of FMF cross-section depicting FIB pattern, B) A gaussian beam of diameter 16 µm is
incident on the patterned FMF input end-face, C) Raster-scanned NSOM fiber tip for
recording spatiotemporal measurements at FMF output end-face
5. Results and Discussion
Using the scanning NSOM-tip method described above, the time-domain output is recorded at
various spatial locations on the FMF output end-face. Figure 6A) shows, for reference, the radial
profiles of the two selectively excited modes: LP01 and LP02. Figures 6B) through 6D) show the
time-domain output recorded at 3 selected spatial locations: r = 0 (on-axis), r = 4.4µm, and
r = 7.2µm respectively. The radial symmetry of the modes that we chose to excite allows us to,
in principle, select these points along any azimuth.
As Equation (4) above predicted, we observe interference fringes in the time-domain arising
from the overlap, in time and space, of two modes that have acquired different nonlinear chirps.
Further, at the three selected values of r, the two modes have different magnitudes and phases,
leading to a different time-domain pattern at each value of r. As the plots in Figure 6 show,
there is reasonable agreement between the experimentally observed output and the numerically
simulated one at each of the values of r .
Fig. 6. Spatially-resolved Temporal Measurements: A) Radial profiles of LP01 and
LP02 modes; B), C) and D) Output temporal measurements at r = 0 (on-axis),
r = 4.4µm and r = 7.2µm
The temporal data collected at various r values at various angles of azimuth can be used to
reconstruct the 2D spatial intensity pattern at the FMF output for time-instances within one pulse
duration. In other words, the spatially-resolved temporal data can be used to reconstruct what
one would see at the output with a ps-scale ultrafast video camera, except without the need for
such a camera.
Figure 7 shows the output of such a reconstruction. The Figure shows the input gaussian pulse
for reference. Reconstruction of the output intensity profile at three time instances (t = −0.66 ns,
t = 0 and t = 0.86 ns) brings out a very interesting pattern. At both (t = −0.66 ns as well as
(t = 0.86 ns, the output intensity pattern looks like a gaussian that is centered on-axis. However,
as the pulse reaches its peak at (t = 0, it transforms into an annulus-like pattern. The on-axis peak
of the gaussian-like beam shape along the edges of the pulse gives way to a local minimum on-axis
at the pulse peak. Note that these measurements are in close agreement with the predictions of
numerical simulations (shown as insets in Figure 7).
5.1. Validity of Our Model
Our model, based on the GMM-NLSE, explains these findings as follows: as the pulse rises
towards its peak, the instantaneous phase difference between the two modes varies with time
as they acquire different instantaneous nonlinear phase shifts via SPM and XPM. As a result,
the instantaneous spatial pattern formed by their overlap also varies with time. Measured at one
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Fig. 7. Spatiotemporal Reconstruction of Output Pulse at FMFOutput End-face: Output
2D spatial intensity profile (reconstructed from experimental data) at 3 time instances
within the pulse: t = −0.66 ns, t = 0 and t = 0.86 ns. Numerical simulation results are
shown in inset boxes
spatial location, this manifests as fringes in the time domain. In other words, the time-domain
interference fringes and the time-varying output intensity pattern are two sides of the same coin,
and are caused simply by a change in relative phase (with time) between the two modes at the
output end-face of the FMF.
A simple test to verify the validity of this model would be to find a different mechanism –
different from optical nonlinearity – to vary the relative phase between the two modes as they
reach the output end-face of the FMF, and compare the output intensity patterns from such a test
to what our spatiotemporal measurements show. We achieved this by stretching the fiber on the
micron scale by placing a section of the FMF on a hot plate.
When a section of the FMF is heated, the optical path length that the modes traverse before
reaching the FMF output end-face changes due to thermal expansion. As a result, the relative
phase between the two modes would vary. At low input powers, in the absence of any optical
nonlinearity, this change in relative phase is easily observed on a CMOS/CCD camera. Figure 8
shows the FMF output recorded on a CMOS camera at 3 different temperatures (corresponding
to 3 different values of relative phase between the two modes) at low input power. As one can
see, the output intensity profile varies from a gaussian-like shape to an annulus and back; exactly
as in our spatiotemporal measurements of nonlinearity.
Note that when the fiber is stretched by heating, it introduces a relative phase difference
between the two modes that remains constant through the duration of a pulse. Additionally,
as the input power is kept low for these measurements to keep out any nonlinear effects, the
phase difference between the two modes remains constant through the pulse. As a result, it
is sufficient to use a CMOS camera (which averages over many pulses) to capture the output
intensity profile. It can be seen that this produces the same output shapes: gaussian-like followed
Fig. 8. FMF Output Recorded on a CMOS Camera at Low Input Power at 3 Different
Temperatures: As the temperature of a 20 cm long FMF section is increased, the length
of the core increases on the micron-scale due to thermal expansion, leading to a slightly
different modal overlap at each temperature. As the temperature is swept from 500 C
to 1500 C, the output intensity profile switches between a gaussian-like shape and an
annulus, just as it did within one pulse duration in the presence of nonlinearity
by an annulus. This demonstrates that what we observed in our spatiotemporal measurements
is indeed a result of a time-varying nonlinear phase difference between the two propagating modes.
6. Conclusion
In order to probe the nonlinear interaction between two individual spatial modes, it is desirable
to preferentially excite only the modes of interest. We have achieved this by employing a novel
technique that involves writing a phase mask directly onto the input end-face of the FMF by using
a FIB milling process. While hard-writing a mask onto the input end-face has the disadvantage of
being less flexible as compared to an SLM setup, it has some key advantages such as compactness,
ease of integration into chip-scale photonic circuits, and a power damage threshold defined only
by the fiber material (SiO2).
Having excited the desired combination of modes, we measured the output in both space
and time. Our spatiotemporal measurement technique that employs a raster-scanned NSOM-tip
brings out the rich spatiotemporal nonlinear dynamics that happen within the duration of a single
pulse that are not possible to observe using traditional CCD/CMOS cameras and optical spectrum
analyzers. For the case of two LP0m modes excited in a step-index FMF, our measurements
demonstrate the existence of interference fringes in the time-domain output, as predicted by the
GMM-NLSE. Further, upon using the raster-scanned measurements to reconstruct the temporal
evolution of the instantaneous intensity profile at the FMF output end-face, we see that the
instantaneous intensity profile transforms from a gaussian-like shape to an annulus, and back, as
the pulse rises, peaks and falls.
In order to confirm that the phenomenon that we observe is a result of a time-varying relative
phase difference between two overlapping spatial modes, we varied the relative phase difference
in the absence of any nonlinearity and observed the output intensity pattern. By heating the fiber,
we were able to elongate it on the micron-scale, thereby varying the relative phase difference
between the two modes. The input power was kept low to eliminate any optical nonlinearity. As
the temperature was varied, this generated at the output the same spatial intensity patterns as
were observed within one pulse duration in the presence of nonlinearity. This confirmed that
what we see in our spatiotemporal measurements is indeed an overlap of two modes that have
acquired different nonlinear chirps.
The effects of optical nonlinearity in MMFs and FMFs are fundamentally spatiotemporal in
nature. In order to best understand the physics of these systems and the nonlinear dynamics that
arise in them, a full (2+1)D diagnostic that can measure in both space and time (or frequency) is
required [16]. Our scanning NSOM-tip technique serves as a promising platform with which to
better understand nonlinear optics in MMFs and FMFs. Future directions of work could include
resolving the output not just in space and time but also in polarization. Employing this technique
to measure other reported phenomena such as the Kerr beam clean-up effect and supercontinuum
generation in GRIN fibers could shed more light on the mechanisms behind them. This technique
could also be very useful in the development of multimode spatiotemporally mode-locked lasers,
where both the output mode quality and the output pulse shape are of interest. All in all, we hope
that this work inspires a greater focus on developing tools for studying nonlinear optics in multi-
and few-mode fibers in space, time and frequency.
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